Abstract. The notion of weights on (topological) * -algebras is defined and studied. The primary purpose is to define the notions of admissibility and approximate admissibility of weights, and to investigate when a weight is admissible or approximately admissible. The results obtained are applied to vector weights and tracial weight on unbounded operator algebras, as well as to weights on smooth subalgebras of a C * -algebra.
Introduction
Non-commutative integration deals with positive linear functionals and weights on a non-commutative * -algebra A as well as the * -representations of A induced by them. When A is a von Neumann algebra or a C * -algebra, it has become an essential part of the theory. In fact, much of the theory of these algebras can be regarded as a non-commutative analogue of integration theory, the role of finite (resp. infinite) measure being played by a positive linear functional (resp. weight). Weights have also appeared naturally in unbounded operator algebras in the context of unbounded Tomita-Takesaki theory [16] , [17] , as well as in quantum physics [3] . In the framework of unbounded representation theory [25] , this leads to weights on A. Though positive linear functionals and the GNS representations of A induced by them have been greatly analyzed, no such attempt seems to have been made for theory of weights. The purpose of the present paper is to initiate the study of weights on abstract * -algebras. The paper is roughly devided into two parts. Part I constitutes Sections 2 -5, in which admissibility and approximate (and strict in-) admissibility (a phenomena not found in C * -algebras) of weights are investigated. Section 6 constitutes Part II, in which the abstract results of Part I are applied to a number of concrete examples.
Let P(A) denote the positive cone of A. A weight on A is a map ϕ : P(A) → R + ∪ {∞} such that (i) ϕ(x + y) = ϕ(x) + ϕ(y), and (ii) ϕ(λx) = λϕ(x) for all x, y in P(A) and all λ ≥ 0. Unlike C * -algebras, N 0 ϕ ≡ {x ∈ A; ϕ(x * x) < ∞} need not be a left ideal of A. However, N ϕ ≡ {x ∈ A : ϕ(x * a * ax) < ∞, ∀a ∈ A} is a left ideal, and ϕ P(Nϕ) = ψ is a quasi-weight in the sense that ψ is defined on the positive cone P(N ϕ ) of the left ideal N ϕ such that ψ : P(N ϕ ) → R + satisfies (i) and (ii). The construction of the GNS-representation π ϕ of A using a quasi-weight ϕ on P(N ϕ ) summarized in Section 2. In general, π ϕ maps A into unbounded operators in a Hilbert space. We call ϕ admissible if π ϕ is a bounded operator representation. Such quasi-weights are characterized in Section If A is the * -algebra of polynomially dominated measurable functions on R + and if π is the * -representation defined by the spectral theorem of a positive self-adjoint operator h, then f ξ is approximately admissible, and it is admissible iff h is bounded. On the other hand, for the Schrödinger representation of the CCR algebra, f ξ is far away from admissibility.
(4) Point evalutions: Let C(X) be the algebra of all continuous complex functions on X, and let C b (X) = {f ∈ C(X) : f is bounded}. Let νX and βX be the Hewitt real compactification and the Stone-Čech compactification of X, respectively. Every x ∈ βX \ νX defines an admissible weight in a * -subalgebra A of C(X) containing C b (X).
(5) Weights on smooth subalgebras of a C * -algebra: Let B be a smooth * -subalgebra of a C * -algebra A. It is shown that every quasi-weight on B is admissible, and under an additional assumption, it extends to a quasi-weight on A.
(6) Quasi-weights in non-commutative geometry: In the framework of the Connes theory of non-commutative geometry, let Ω(A) be the * -algebra of non-commutative differential forms over a * -algebra A. Let (π, H, D) be a K-cycle, and let Tr ω denote the Dixmier trace on B(H). Then τ ω (x * x) = Tr ω (π(x) * π(x)) (x ∈ Ω(A)) defines an admissible quasi-weight on Ω(A). The d-dimensional volume integral a → π(a)|D| −d gives an admissible quasi-weight on A, which is finite iff the K-cycle is d + -summable. The map ψ(x * x) = Lim ε→0 tr(π(x * x)e −εD
2 ) (limit in suitable Cesáro mean) gives an admisssible quasi-weight in Ω(A), and is finite iff the K-cycle is θ-summable. This provides a quasi-weight approach to these quantized integrals. In Connes' original approach, only finite cases (positive functionals) are considered.
Weights and quasi-weights on a * -algebra
Let A be a * -algebra, i.e. a linear associative involutive algebra. For a subspace N of A, let P(N ) = n k=1 x * k x k : x k ∈ N (k = 1, 2, · · · , n), n ∈ N , and call it the positive cone generated by N .
(b) Let N be a left ideal of A. A map ϕ : P(N) → R + is called a quasi-weight on P(N) in A if it satisfies the above (i) and (ii) for P(N). In this case, we denote N by N ϕ .
Lemma 2.2. Let ϕ be a weight on
Then the following statements hold:
ϕ is a linear subspace of A, and it need not be a left ideal.
(ii) N ϕ is a left ideal of A, and ϕ P(Nϕ) is a quasi-weight (denoted by ϕ q and called a quasi-weight generated by ϕ).
We here state the basic theory of (unbounded) * -representations of A. Let D be a dense subspace in a Hilbert space H and let L † (D) denote the set of all linear operators X in H with the domain D for which
is a * -algebra under the usual operations and the
, and then we replace D and H by D(π) and H π , respectively. Let π be a * -representation of A. If D(π) is complete with the graph topology t π defined by the family of seminorms {|| · || π(x) ≡ || · || + ||π(x) · || : x ∈ A}, then π is said to be closed. It is well known that π is closed if and only if
Then π is the smallest closed extension of π. We put
Then π * is a representation of A, but it is not necessarily a * -representation. If
where B(H π ) is the set of all bounded linear operators on H π , and it is a weakly closed * -invariant subspace of B(H π ), but it is not necessarily an algebra. It is known that the self-adjointness of
w is a von Neumann algebra and π(x) is affiliated with the von Neumann algebra (π(A) w ) for each x ∈ A. For more details we refer to [23] , [25] . Let ϕ be a quasi-weight on P(N ϕ ) in A. Let D(ϕ) be the subspace of A generated by {x
. Let H ϕ be the Hilbert space obtained by the completion of X ϕ . Let π 0 ϕ be the representation of
and
(closure in the graph topology t πϕ(A) ). The * -representation π ϕ is called the GNS-representation for ϕ. On the other hand, in Example 6.3, we consider the quasi-weights defined by given * -representations of A.
We shall need the concept of regular quasi-weights introduced in [18] . Let {f α } be a net of positive linear functionals on A.
for all x, y in P(N ) iff {f α } has the net property for P(N ) in the sense that, given a finite set {x 1 , x 2 , · · · , x m } in N , there exists a subsequence {α n } of {α} such that lim
In this case, the restriction of the map sup α f α to P(N ) is denoted by Sup α f α P(N ) . If {f α } has the net property for P(N 0 sup α fα ), then the restriction of sup α f α to P(N sup α fα ) is denoted by Sup α f α . Definition 2.3. Let ϕ and ψ be quasi-weights in A. We write
We have the following lemma. 
for some net {f α } of ϕ-majorized positive linear functionals on A. A weight ϕ is regular if ϕ = sup α f α for some net {f ϕ } of ϕ-majorized positive linear functionals on A.
The proof of the following lemma is similar to the proof of [18, Theorem 3.5] .
Lemma 2.6. Let ϕ be a regular quasi-weight in A. Then there exist a net
We need the following lemma in Section 5.
Lemma 2.7. Let ϕ be a regular quasi-weight in
Then ϕ C is a quasi-weight on P(A).
Proof. By Lemma 2.6, there exist a net {C β } in π ϕ (A) w and a net {ξ β } in D(π ϕ * ) satisfying the conditions in Lemma 2.6. For x ∈ N ϕ we have
where π ϕ is the induced extension of π ϕ [25, Section 8.5] . This implies that ϕ C is a quasi-weight on P(A).
Boundedness and admissibility
Let ϕ be a quasi-weight on P(N ϕ ) in a * -algebra A. We define the ϕ-bounded
We have the following:
Let ϕ be a weight on P(A) in a * -algebra A. We put
Then A bs ϕ is a subalgebra of A contained in A b ϕq . We do not know whether A bs ϕ is * -invariant or not. (1) The following are equivalent.
(ii) There exist a submultiplicative seminorm p on A and a scalar γ > 0 such that |ϕ(
(2) ϕ is admissible if there exist a submultiplicative seminorm p on A and a scalar γ > 0 such that |ϕ(
We do not know whether the converse of (2) holds or not. For the proof of (2) 
Proof of Proposition 3.5.
(1) For a ∈ A, x ∈ N ϕ , we have ax ∈ N ϕ and x * ax ∈ D(ϕ). Thus statement (ii) makes sense. Obviously (ii) implies (i). Suppose (i) holds; then by the Cauchy-Schwartz inequality for ϕ in D(ϕ) we have
Then q is a * -invariant submultiplicative seminorm on A , and |ϕ(
Then we have
Therefore we have
where
n < ∞, which implies that ϕ is admissible.
Next we consider when every quasi-weight on a * -algebra A is admissible. The notion of quasi-weights imposes a certain boundedness structure on A. Let W q (A) denote the set of all quasi-weights on A. An element a ∈ A is said to be quasi-weight
denote the set of all quasi-weight bounded (resp. uniformly quasi-weight bounded) elements of A.
and it is a * -subalgebra of A containing A ub as a * -subalgebra.
(2) Let τ denote the (not necessarily Hausdorff ) topology on
We omit the easy proof. In the following, we illustrate the above structures, and show that the notion of Allan boundedness [1] is included in it.
can be extended to the unitization A 1 of A. Hence we assume that A has identity. Then for any ξ ∈ D(π ϕ ), the positive linear functional ω ξ (a) = π ϕ (a)ξ, ξ (a ∈ A) is continuous [7, Corollary 37.9] , and |ω ξ (a)| ≤ ||ω ξ || || a || = ω ξ (1 )||a||, ∀a ∈ A. Hence ||π ϕ (a)ξ|| ≤ || a || || ξ || (a ∈ A, ξ ∈ D(π ϕ )). Thus ϕ is admissible, and p ϕ (a) ≤ || a ||. Since the Gelfand-Naimark pseudonorm is the
On the other hand, since every positive linear functional f on A defines a finite weight ϕ = f P(A) , it follows from [7, Corollary 39.12] that
Following Palmer, a * -algebra A is a BG * -algebra if every * -representation (π, D(π), H) of A necessarily maps A into bounded operators [5] . Then σ = ⊕ π π is also a bounded operator representation, and q ∞ (a) = ||σ(a)|| (a ∈ A) defines the greatest C * -seminorm on A. A U * -algebra is a * -algebra A which is a linear span of its quasi-unitary elements. A Banach * -algebra is a U * -algebra, and a U * -algebra is a BG * -algebra. The following proposition can be proved in the same way as the previous one.
. By B we denote the collection of all subsets B of A such that B is bounded, closed and absolutely convex, and B 2 ⊂ B. For each B ∈ B we put
Then A(B) is a normed algebra with the norm || · || B . A locally convex algebra A is said to be pseudo-complete if (A(B), || · || B ) is complete for every B ∈ B . If A is sequentially complete, then it is pseudo-complete, but the converse doesn't hold in general [1, Example 1] . The radius of boundedness β(x) of x ∈ A is defined [1] by
where inf ∅ = ∞.
Proof. We first show the following
This is proved by a square root lemma argument. Let 
is a Banach algebra, this implies that
. This immediately gives
The assertion about weight can be proved similarly.
Lemma 3.11. Let ϕ be a quasi-weight on P(N ϕ ) in a locally convex * -algebra A.
Assume that ϕ is continuous on D(ϕ). Then
By arguments as in Proposition 3.5 (2) we have
Lemmas 3.10 and 3.11 give the following. 
Let A be pseudo-complete. By Lemma 3.10 we have ||π(a)π(x)ξ|| 2 ≤ β(a) 2 ||π(x)ξ|| 2 for all a = a * ∈ A and all x ∈ A. Since π is non-degenerate, it follows that π(a) is bounded for all a ∈ A. Now assume that π is weakly continuous. Then, since each f ξ is continuous, it follows from Lemma 3.11 that ||π(a)π(x)ξ||
2 for a = a * ∈ A and x ∈ A, which implies that π maps A into bounded operators.
Given a locally convex * -algebra A, define B * = {B ∈ B ; B * = B}. Then A is said to be a GB * -algebra [2] , [12] if the following hold:
(ii) The collection B * admits the greatest member B 0 .
(iii) The * -subalgebra A(B 0 ) = {λx : λ ∈ C, x ∈ B 0 } is a C * -algebra with norm
A particular case of GB * -algebras is a projective limit of C * -algebras called pro-C * -algebras [21] , i.e. a complete locally convex * -algebra whose topology is determined [12] , π represents A faithfully as an extended C * -algebra with common dense domain D(π) in the Hilbert space
Thus π(a) is bounded, and ||π(a)|| ≤ | a | ∞ . Since π A(B0) is one to one, we have
A complete locally m-convex * -algebra A is a complete topological * -algebra A whose topology is determined by a family of * -invariant submultiplicative seminorms. By [6, Proposition 3.2], every continuous positive linear functional on A is admissible. The following is an analogue of this result for quasi-weights. Proof. This follows from Proposition 3.5 (2).
The following can be easily proved. We do not know whether in the above M b = M ub or not.
4. The case A = A 0 in a locally convex * -algebra Theorem 3.12 suggests that from the point of view of admissibility, it is important to characterize locally convex * -algebras A such that A = A 0 . In this section, we consider this problem. An element x of A is quasi-regular (resp. quasi-invertible) if (1 − x) has inverse belonging to the unitization A 1 of A (resp. belonging to (A 0 ) 1 ). Let A qr (resp. A qi ) be the set of all quasi-regular (resp. quasi-invertible) elements of A. For x ∈ A qr , x q denotes the quasi-inverse of x, i.e.
Lemma 4.1. Let A be pseudo-complete. Let p be a continuous seminorm on A.
The following are equivalent. (
1) A has continuous quasi-inverse, i.e. there exists a neighbourhood U of o such that U ⊂ A qr and the quasi-inversion x → x q is continuous at o. (2) A qr is open. (3) There exists a continuous seminorm p on A such that β(x) ≤ p(x) for all
x ∈ A. (4) A = A 0 .
Then the following implications hold. (2) (1) ⇒ ⇒ (4). (3)
If the multiplication of A is jointly continuous (e.g. A is a Fréchet * -algebra), then the above statements (1), (2) and (3) (1) ⇒ (3). By (1), there exists a continuous seminorm p on A such that {x ∈ A :
for all n ∈ N. By the residue theorem,
for each δ > p(x). Hence for each continuous seminorm q on A, we have q(x n ) ≤ αδ n−1 (α is a constant), and so lim n→∞ q(
Now suppose that the multiplication in A is jointly continuous. We show that (3) ⇒ (1). By the equivalence of (2) and (3), we have
Let q be any continuous seminorm on A and let x ∈ U . Let p(x) < δ < 1. Since β(x) ≤ p(x), there exists n 1 ∈ N such that q(x n )
This implies, by the joint continuity of multiplication, that x → x q is continuous. This completes the proof.
Corollary 4.3. Let A be a complete locally m-convex * -algebra. If A is a Qalgebra (i.e., A qr is open), then every quasi-weight in
A is admissible.
Approximate admissibility
In this section, we define the notion of approximately admissible quasi-weights, and characterize them. Throughout this section, let A be a * -algebra. Definition 5.1. Let ϕ be a quasi-weight on A. If there exists a net {ϕ α } of admissible quasi weights on A such that ϕ α ≤ ϕ, ∀α and ϕ(x * x) = lim α ϕ α (x * x), ∀x ∈ N ϕ , then ϕ is said to be approximately admissible. If there do not exist any nonzero admissible quasi-weights ψ on A such that ψ ≤ ϕ, then ϕ is called strictly inadmissible.
Lemma 5.2. Let ϕ be a quasi-weight on A. Let ψ be an admissible quasi-weight on A such that ψ ≤ ϕ. Then there exists an element
for all x ∈ N ϕ and all a ∈ A, which implies that K 
for all a ∈ A and x ∈ N ϕ = N ψ , which implies that ψ is admissible.
(2) Since ϕ is approximately admissible, there exists a net {ϕ α } of admissible quasi-weights on A such that ϕ α ≤ ϕ, ∀α and lim α ϕ α = ϕ. By Lemma 5.2, for each α, there is K α ∈ π ϕ (A) w such that
, ∀x ∈ N ϕ , it follows that K α → I weakly. Since ψ ≺ ϕ, Lemma 2.4 implies that there is an element H of π ϕ (A) w such that 0 ≤ H ≤ I and ψ(y * x) = Hλ ϕ (x), λ ϕ (y) for all x, y in N ϕ . We now put
Since π ϕ (A) w is a von Neumann algebra, we have H
Hence it follows from Lemma 2.7 that ψ α is a quasi-weight on A such that N ψα = N ψ = N ϕ and ψ α ≤ ψ (that is, ψ α ≺ ψ). Furthermore, we have, for each a ∈ A and x ∈ N ϕ ,
which implies that ψ is approximately admissible. This completes the proof.
Lemma 5.4. Let ϕ be a regular approximately admissible quasi-weight on
A such that π ϕ (A) w is a von Neumann algebra. Then there exists a net {E α } α∈Λ of mutually orthogonal projections in π ϕ (A) w such that α E α = I and π ϕ * (a)E α ∈ B(H ϕ ) for each a ∈ A and α ∈ Λ.
Proof. Let {E α } be a maximal set of mutually orthogonal projections in π ϕ (A) w such that π ϕ * (a)E α ∈ B(H ϕ ) for each a ∈ A and each α ∈ Λ. Suppose
Hence there exists a non-zero admissible quasi-weight ψ on A such that ψ ≤ ϕ E . By Lemma 5.2, there exists
λdF (λ) be the spectral resolution of K. Since K = 0, there exists a λ 0 ∈ R, 0 < λ 0 < 1, such that
and ψ is admissible, it follows from Lemma 5.3 that ϕ F is admissible. Further, since
||Eλ ϕ (x)|| for all x ∈ N ϕ , we have F ≤ E. This contradicts the maximality of {E α }. Hence, α E α = I. Proof. Let {E α } be a maximal set of mutually orthogonal projections in π ϕ (A) w such that ϕ Eα is admissible for each α. Take E = α E α . Then ϕ E is approximately admissible, and (as in Lemma 5.4) ϕ I − E is strictly inadmissible. 
Theorem 5.5. Let ϕ be a regular quasi-weight on
It is easy to show that π α is a bounded operator representation of A. For each ξ = (ξ α ) ∈ D( ⊕ π α ) and x ∈ A we have 6. Examples and applications 6.1. Weight analogue of the Bochner-Weil-Raikov theorem: An application to abelian harmonic analysis. Let A be a commutative Banach * -algebra. Let ∆(A) denote its Gelfand space. LetÂ = {ϕ ∈ ∆(A) : ϕ = ϕ * } be its Hermitian part. Here ϕ * (x) = ϕ(x * ) (x ∈ A). The abstract Bochner-Weil-Raikov integral representation theorem states that f is a representable positive linear functional on A iff there exists a bounded positive regular Borel measure µ onÂ such that f (x) = Âx (χ)dµ(χ), x ∈ A →x ∈ C 0 (∆(A)) being the Gelfand transform. The following theorem, which is essentially a reformation of [13, Theorem 21] , provides a weight analogue of this. We call a quasi-weight ϕ on a * -algebra A non-degenerate if π ϕ is non-degenerate in the sense that [ 
(ii) For all a, b in N ϕ and x ∈ A,âb ∈ L 1 (µ) and Proof. By Proposition 3.8, ϕ is admissible, and since ϕ is non-degenerate, x → π ϕ (x) defines a non-degenerate bounded operator representation of A. By Stone's theorem ( [13] , Theorem 10.10) there exists a spectral measure E on Borel subsets ofÂ such that for all x ∈ A, ξ, η in H ϕ ,
Let a ∈ N ϕ . Let µ a be the Borel measure onÂ defined by dµ a = dE λϕ(a),λϕ(a) . Then, as in ( [13] 
and the above shows that f → µ(f ) is a positive linear functional on C c (Â ). Thus, there exists a positive Borel measure µ onÂ such that
. By the boundedness of µ a (a consequence of the definition of spectral measure), (a * a)ˆ∈ L 1 (µ) for all a ∈ N ϕ , and ϕ(a
is a linear combination of elements of the form c * c with c ∈ N ϕ , it follows thatbâ ∈ L 1 (µ), and (ii) holds. This immediately gives (i) also. Then (iii) and (iv) can be verified as in ( [13] , Theorem 21.6). Note that if D(ϕ) is dense in A, then given any compact set K inÂ, there exists b ∈ D(ϕ) such thatb(χ) = 0 for each χ ∈ K.
In what follows, we shall apply the above to the convolution Banach algebra
, and ∆(L 1 (G)) ≈ G (the dual group of G) by the well known identification, so that the Gelfand transform gets to be identified with Fourier transform. Note that 
(b) The extension of the concept of Fourier transform from integrable functions to positive definite complex regular Borel measures on G is a standard part of harmonic analysis. We can use the concept of weight to define the Fourier transform of certain unbounded positive definite measures.
Let µ be a positive (not necessarily bounded) measure on G.
Assume that ϕ is non-degenerate. By Corollary 6.1.2, there exists a regular positive measureμ on G such that
Thisμ may be called the Fourier transform of µ. This extends the considerations of ( [13] , 2.7, p. 1011) to unbounded measures.
Integration algebras, measures and tracial weights.
Definition 6.2.1. An integration algebra (A, * , ϕ) consists of a * -algebra A having involution * and a weight ϕ on P(A) that is faithful in the sense that ϕ(x * x) = 0 implies x = 0. This can be regarded as a framework for (unbounded non-commutative) integration theory. Let (A, * , ϕ) be an integration algebra. Then N ϕ = {x ∈ A : ϕ(x * a * ax) < ∞, ∀a ∈ A} is equipped with the inner product x, y = ϕ(y * x), H ϕ is the Hilbert space completion of N ϕ , and π ϕ is the closure of the left regular rep-
We discuss below the admissibility and approximate admissibility in some examples.
(A) Measures and integrals. Let (X, Σ, µ) be a σ-finite measure space with positive measure µ. Let A be a * -algebra of µ-measurable functions on X. Then ϕ(f) = X f dµ defines a weight on A.
(A1) Take A = M(X, µ), the set of all measurable functions. Then
if X is atom free. The GNS-representation π ϕ is trivial in this case. This is to be expected in the light of the fact that when X is atom free, M(X, µ) admits no non-zero positive linear functional.
: f is essentially bounded on every set of finite measure }.
Claims. (i) ϕ is admissible iff µ is a finite measure,
(ii) ϕ is approximately admissible.
showing that µ is finite. This proves (i).
defines an admissible positive linear functional on L ∞ loc (µ) such that ϕ n ≤ ϕ and ϕ = sup ϕ n . This proves (ii).
(A3) Let X be a non-compact locally compact σ-compact space. Let ϕ be a positive linear functional on C c (X), hence given by a positive Radon measure (locally finite) µ on X.
h n dµ defines a faithful weight on C(X).
Claims. (i) ϕ is an admissible weight on C(X) iff ϕ extends as a (necessarily admissible) positive linear functional on C(X) iff µ has compact support.
This can be proved as in the previous case.
(B) Traces and integrals. Let D be a dense subspace in a separable Hilbert space H and {ξ n } an orthonormal basis of H contained in D. Let M be a closed O * -algebra on D with the identity operator I, and define a faithful (tracial) weight on P(M) by
Then (M, ϕ) is an integration algebra. Let H⊗H (= C 2 (H)) be the * -algebra of all Hilbert-Schmidt operators on H. Now N ϕ = {X ∈ M : AX ∈ H ⊗ H, ∀A ∈ M}, an inner product space with X, Y = tr Y † X; let H ϕ be its completion in the
. Then π ϕ is the closure of π 0 , where π 0 (A)X = AX (A ∈ M, X ∈ N ϕ ). Now let (σ, D(σ), H σ ) be the * -representation of A defined as:
Hence, H ϕ is regarded as a closed σ-invariant subspace of H ⊗ H, and π ϕ is a * -subrepresentation of σ; in fact,
− , the closure of the restriction of σ on N ϕ . The following cases arise:
(B2) Proposition 6.2.2. Let M be an O * -algebra consisting of operators commuting with {ξ n ⊗ ξ n : n ∈ N}, where (ξ ⊗ η)ζ ≡ ζ, η ξ (ξ, η, ζ ∈ H). Then ϕ is approximately admissible.
Proof. We put
Then since
for all A, X ∈ M, it follows that ϕ n is an admissible positive linear functional on 
where π (K)T = T K, T ∈ H ⊗ H. Since π ϕ is a self-adjoint subrepresentation of σ, by [23, Theorem 4.7] there exists a projection
for all T ∈ H ⊗ H. Take T = ξ ⊗ η for an arbitrary ξ ∈ D and a non-zero η ∈ KH. Suppose that ϕ is not strictly inadmissible. Then we have
Since π is not bounded and irreducible, it follows from Lemma 5.2 that f ξ is strictly inadmissible for each non-zero ξ ∈ L 2 (R).
6.4. Point evaluations. Let X be a non-compact completely regular Hausdorff space. Let C(X) be the algebra of all continuous complex functions on X. Let C b (X) = {f ∈ C(X) : f is bounded}. All non-zero multiplicative functionals on C(X) (resp. on C b (X)) are given, via point evaluations, by points of the Hewitt real compactification νX (resp. the Stone-Cech compactification βX). Let A be a
defines a weight in A. It is easy to check that π ϕ is the 1-dimensional representation defined by the evaluation x at x. Thus ϕ is admissible.
6.5. Weights on smooth subalgebras of a C * -algebra. Let A be a C * -algebra with identity 1 . A * -subalgebra B of A with 1 ∈ B is smooth if it satisfies the following:
(i) B is a complete locally convex * -algebra with a topology t.
(ii) B is dense in A and the induction (B, t) −→ (A, || · ||) is continuous.
(iii) B is spectrally invariant in A.
Proposition 6.5.1. Let B be a smooth subalgebra of a C * -algebra A. Let ϕ be a quasi-weight on P (N ϕ ) in B. The following statements hold:
(i) ϕ is admissible, and the bounded * -representation π ϕ of B can be uniquely extended to a bounded * -representation π ϕ of A on H ϕ .
(ii) Ifφ is continous on D(ϕ), ϕ can be extended to a quasi-weight ϕ on P(N ϕ ), where N ϕ is the closure of N ϕ in (A, || · ||).
Proof. For any x ∈ B, sp A (x) = sp B (x). This gives the spectral radius r(x) ≤ || x ||, showing that (B, || · ||) and hence (B, t) are Q-algebras. Let ϕ be a quasi-weight on P (N ϕ ) in B. By Theorems 4.2 and 3.12, ϕ is admissible and the GNS-representation π ϕ is a bounded operator representation. Since (B, || · ||) is a Q-algebra, π ϕ : (B, ||·||) −→ B(H ϕ ) is continuous, hence extends to a * -homomorphism π ϕ : (A, || · ||) −→ B(H ϕ ). Assume thatφ is continuous on D(ϕ). Now, N ϕ being a proper left ideal of B, it contains no invertible element of B. As B is inverse closed in its completion A, N ϕ contains no invertible element of A. Thus 1 ∈ N ϕ and N ϕ is a proper left ideal of A. Let x ∈ N ϕ . Then x * x ∈ P(N ϕ ), and there exists a sequence {x n } in N ϕ such that x n → x. Then x * n x n ∈ N ϕ * N ϕ and x * n x n → x * x. Thus {x * n x n } is || · ||-bounded; hence by assumption the sequence {ϕ(x * n x n )} ∈ l ∞ . Let ω denote any positive linear functional on l ∞ vanishing on C 0 ≡ {{α n } ⊂ C : Lim n→∞ α n = 0} and ω({α}) = α (α ∈ C). Define ϕ : P(N ϕ ) → [0, ∞) by ϕ(x * x) = ω({ϕ(x * n x n )}). Note that ϕ is well-defined. Indeed, let there be sequences {x n } and {y n } in N ϕ such that x n → x and y n → x. Then a n ≡ y * n y n −x * n x n ∈ D(ϕ) and a n → 0. By the assumptionφ(a n ) → 0; hence ω({φ(a n )}) = 0. Then ϕ(y * n y n ) =φ(a n ) + ϕ(x * n x n ) gives ω({ϕ(y * n y n )}) = ω({ϕ(x * n x n )}), which shows that ϕ is well-defined. Now let z ∈ P(N ϕ ), z = i x * i x i , a finite sum with each x i ∈ N ϕ . Choose x The following expression for T r ω is discussed in [10] . For T ∈ K(H), λ > 0, let σ λ (T ) = inf{||X|| 1 + λ||Y || : X ∈ C 1 (H), Y ∈ B(H) with X + Y = T }.
